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HOLOMORPHIC DIFFERENTIALS OF GENERALIZED FERMAT CURVES
RUBE´N A. HIDALGO
Abstract. Let K be an algebraically closed field, of characteristic p ≥ 2, and let k, n ≥ 2
be integers with k relatively prime to p. A non-singular complete irreducible algebraic
curve Fk,n , defined over K, is called a generalized Fermat curve of type (k, n) if it admits a
group H  Zn
k
of automorphisms such that Fk,n/H is isomorphic to P
1
K
and it has exactly
(n + 1) cone points, each one of order k. The genus of Fk,n is at least one if and only if
(k − 1)(n − 1) > 1. In such a situation, we construct an explicit basis, called an standard
basis, of its space H1,0(Fk,n) of holomorphic forms. Such a basis contains a subset of
cardinality n + 1 providing an embedding of Fk,n into P
n
K
whose image is the fiber product
of (n − 1) classical Fermat curves of degree k. For p = 2 (so k ≥ 3 is odd), we describe the
images, under the Cartier operator, of the elements of the standard basis in order to obtain
a lower bound (sharp for n = 2, 3) for the dimension of the space of the exact ones. For
p = 3 and type (2, 4) (so of genus five), we compute the exact holomorphic forms.
1. Introduction
In this paper, K denotes an algebraically closed field, of characteristic p ≥ 0. By
an algebraic curve we mean a non-singular complete irreducible algebraic curve defined
over K. Let k, n ≥ 2 be integers such that, for p > 0, k is relatively prime to p. A
generalized Fermat curve of type (k, n) is an algebraic curve Fk,n admitting a group H  Z
n
k
of automorphisms such that Fk,n/H is the projective line P
1
K
with exactly (n+1) cone points,
each one of order k; the group H is called a generalized Fermat group of type (k, n) of Fk,n.
By the Riemann-Hurwitz formula, the genus of Fk,n is
(1) gk,n = 1 +
kn−1
2
((k − 1)(n − 1) − 2)) .
Let us consider a regular branched covering π : Fk,n → P1K , with H as its deck group.
Up to post-composition of π by a suitable Mo¨bius transformation (that is, an element of
PGL2(K)), we may assume the branch values of π to be given by ∞, 0, 1, λ1, . . . , λn−2. In
[10], for the case K = C, we constructed an isomorphic algebraic model Ck
λ1,...,λn−2
⊂ Pn
K
(see Section 2.2) for Fk,n, this being a fiber product of (n − 1) classical Fermat curves
of degree k, and such that the group H is generated by diagonal linear transformations
in PGLn+1(K). In Section 2.2 we observe that the above holds in any characteristic. In
particular, generalized Fermat curves of type (k, n), where gk,n > 1, form a family of
algebraic curves, of dimension n − 2.
If (n − 1)(k − 1) > 2 (equivalently, gn,k > 1), then in [10] it was noted that Fk,n is non-
hyperelliptic and, in [14], that it has a unique generalized Fermat group of type (k, n) (for
p > 0, we must assume that k − 1 is not a power of p). In some sense, this uniqueness
property permits to treat generalized Fermat curves in a similar fashion as the hyperelliptic
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2 R. A. HIDALGO
ones; in this case the generalized Fermat group takes the role of the cyclic group generated
by the hyperelliptic involution. This makes one to wonder whether the rich theory of the
hyperelliptic curves, and the many applications of such objects in cryptography, physics,
quantum computation, etc., can be extended to the generalized Fermat curves.
Let H1,0(Fk,n) = H
0(Fk,n,Ω
1) be the gk,n-dimensional K-space of holomorphic forms
(i.e. everywhere regular) of Fk,n. It is well known that, for (k − 1)(n − 1) > 2, each basis
B of H1,0(Fk,n) induces a canonical embedding ιB : Fk,n →֒ Pgk,n−1K , the hyperosculating
points of this embedding coincides with the Weierstrass points. As previously observed,
there is a rational embedding (called an standard embedding) ι̂ : Fk,n →֒ PnK , whose image
is a non-singular irreducible complete projective algebraic curve Ck
λ1 ,...,λn−2
⊂ Pn
K
(so, it is
not a canonical curve model if (k, n) , (2, 4)). In [14] it was observed that, the group
Aut(Ck
λ1,...,λn−2
) is a subgroup of the linear group PGLn+1(K) (for p > 0 we need to assume
that either k − 1 is not a power of p or that n + 1 is relatively prime to k) and that the
hyperosculating points of the standard embedding are the fixed points of the non-trivial
elements of the corresponding Fermat generalized group.
In this paper we construct a basisBcan of H1,0(Fk,n) (this explicitly given in the algebraic
model Ck
λ1,...,λn−2
), called a standard basis (Theorem 3.8). We observe that inside such a
standard basis there are n + 1 of them, say θ1, . . . , θn+1, such that (see Proposition 3.11)
ι̂ = ι̂Bcan : Fk,n →֒ PnK : p 7→ [θ1(p) : · · · : θn+1(p)].
This, in particular, provides an explicit relationship beween the fiber product model and
the canonical curve model (explicit examples are provided in Section 4).
Let us now restrict to characteristic p > 0. The investigation of algebraic curves over
such fields is related to several problems for curves over finite fields, such as the cardinality
of the set of rational points, the search for maximal curves with respect to the Hasse-
Weil bound and the investigation of zeta functions; these being current research topics.
Many results have been obtained for the case of classical Fermat curves [9, 28] and one
hopes this should also be the case for generalized Fermat curves. Relevant geometric
properties of an algebraic curve X is encoded in its birational invariants; for instance, its
genus gX , its automorphism group Aut(X) and its p-rank γX (the number of independent
unramified abelian p-extensions of is function field, or equivalently, the p-rank of the p-
torsion subgroup of its jacobian variety JX [22]). Opposite to the case of characteristic
zero, for gX ≥ 2, the group Aut(X) may have order bigger than 84(gX − 1) (Hurwitz’s
bound in characteristic zero); in fact the order is known to be bounded above by 16g4
X
(if
the group has order relatively prime to p). Usually, γX = 0 when Aut(X) is big [25]. Let us
fix some meromorphic map z ∈ K(X) \ K(X)p. A holomorphic form θ ∈ H1,0(X) may be
written in the form wdz, for suitable w ∈ K(X), and
w = u
p
0
+ u
p
1
z + u
p
2
z2 + · · · + up
p−1z
p−1,
for suitable u0, . . . , up−1 ∈ K(X). Derivation with respect to z (see Section 10 in [21])
permits to see that
u
p
p−1 = −
dp−1w
dzp−1
.
The 1/p-linear Cartier operator, introduced by Cartier in [2], is defined as
C : H1,0(X)→ H1,0(X) : wdz 7→ up−1dz,
and it does not depends on the choice of z [13, 21, 26]. The kernel ker(C ) of C con-
sists of the exact holomorphic forms of X; whose dimension is denoted by aX . If αp 
Spec(K[z]/〈zp〉), the group-scheme of pth-roots of zero, then aX = dimKHom(αp, JX[p]),
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where JX[p] is the subgroup-scheme of p-torsion of the jacobian variety JX. The holo-
morphic forms fixed byC are those of the form dw/w (called logarithmic forms), and these
generate a subspace H s(X) of dimension equal to the p-rank γX [23]. Another subspace
is Hn(X), formed by those holomorphic forms in the kernel of a suitable finite iterated
of C . It happens that H1,0(X) = H s(X) ⊕ Hn(X) (Theorem of Hasse and Witt [13]), so
0 ≤ aX + γX ≤ gX . It is known that γX = 0 if and only if ker(C ) = H1,0(X) (i.e., aX = gX),
and that aX + γX is an upper bound for the number of factors appearing in the decompos-
tion of JX into simple principally polarized abelian varieties [6]. If ker(C ) = H1,0(X), then
X is called supersingular. In [5], Ekedahl proved that if X is a supersingular curve, then
gX ≤ p(p − 1)/2. Recently, in [29], Zhou has proved that if dimK ker(C ) = gX − 1, then
gX ≤ p + p(p − 1)/2.
In order to describe the exact holomorphic forms of X, i.e., ker(C ), we first need to
compute an explicit basis of H1,0(X) and then to compute their images under the Cartier
operator. In the particular case that X is a plane curve, a formula for C was given in [24].
This formula has been used in [18] to compute aX for the case of classical Fermat curves
(and also some Hurwitz curves), in [4] for certain quotients of Ree curves, in [11] for the
Hermitian curve and in [7] for the case of Suzuki curves. As, for generalized Fermat curves
(which are not longer planar models) we have obtained an explicit basis, we hope they can
be used to describe their exact holomorphic forms. In the final section, for characteristic
p = 2, we obtain the values under the Cartier operator of the elements of the standard basis
(Theorem 5.2) and we obtain the lower bound (Corollary 5.3)
aFk,n ≥ (n − 1)(k − 1)(k + 1)n−1/2n+1.
If n = 2, 3, then such a lower bound is sharp and, for n = 4, this is not the case. We also
compute ker(C ), in characteristic p = 3, in the case of generalized Fermat curves of type
(2, 4) (also called classical Humbert curves).
2. Generalized Fermat curves
In this section, we describe some general facts on generalized Fermat curves. As before,
K denotes an algebraically closed field of characteristic p ≥ 0.
2.1. The Riemann-Hurwitz-Hasse formula. For generalities on algebraic curves over
fields of positive characteristic the author can check, for instance, the book [15]. We will
only recall some basics, needed to state the Riemann-Hurwitz formula over algebraically
closed fields (see also [19]).
Let X be a non-singular irreducible algebraic projective curve defined over K, and let
K(X) be its field of K-rational maps. If x ∈ X, then there is the ring Ox(X) ⊂ K(X) of those
rational maps defined over x. This is a local ring with maximal ideal Mx(X) ⊂ Ox(X)
consisting of those rational maps having x as a zero. In this case, Mx(X) is generated by
one element φ ∈ Mx(X), called a uniformizer of X at x (that is,Mx(X) = Ox(X) · φ).
Let C and E be non-singular irreducible algebraic projective curves of genus g and γ,
respectively. Let π : C → E be a branched cover, that is, a separable, finite (so surjective)
morphism, all of the above objects defined over K. The injective map π∗ : K(E) → K(C),
defined by π∗(φ) = φ ◦π, produces a finite extension of K(E) by K(C), say of degree d (the
condition for π to be separable means that such an extension is separable). Let e ∈ E and
c ∈ C be such that π(c) = e. Let us consider uniformizers ψ ∈ Oc(C) and φ ∈ Oe(E). Then
there exists some integer dc ∈ {1, 2, . . .} such that π∗(φ) = u ·ψdc , for some u ∈ O∗c(C). Such
an integer dc is called the local degree of π at c. In the case that dc ≥ 2, then we say that c
is a critical point and that e = π(c) is a branch value of π. There is also an integer δc, called
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the different, associated to c ∈ C [19]. If dc is relatively prime to p, then δc = dc − 1. If dc
is a multiple of p, then δc ≥ dc. The condition for π to be a separable morphism ensures
that it has a finite number of critical points.
Next, we recall the Riemann-Hurwitz-Hasse formula (we will only need the case when
all local degrees are relatively prime to the characteristic of the field). The proof, in the
case of characteristic zero was first given by Hurwitz [16] and, for positive characteristic,
this was stated by Hasse [12].
Theorem 2.1 (Riemann-Hurwitz-Hasse formula, [12, 16]). Let K be an algebraically
closed field of characteristic p ≥ 0. Let π : C → E be a branch cover (that is, a sep-
arable, finite morphism) between the smooth irreducible algebraic projective curves C and
E, of respectively genus g and γ, everything defined over K. Then
d =
∑
c∈π−1(e)
dc, e ∈ E,
g = d(γ − 1) + 1 + 1
2
∑
c∈C
δc.
In particular, if for every c ∈ C, the local degree dc is relatively prime to p (in the case
p > 0), then
g = d(γ − 1) + 1 + 1
2
∑
c∈C
(dc − 1).
A proof of the above result can be found in Section 4.3. of [19].
Remark 2.2. Observe that, for characteristic p > 0, we have assume that π is separable. If
we delete this assumption, then it might be that the above Riemann-Hurwitz-Hasse formula
fail. For instance, let us consider the injective (but not an isomoprhism) morphism
π : P1K = K ∪ {∞} → P1K : z 7→ zp.
In this case, g = γ = 0, d = p and dc = p, for every c ∈ P1K and the extension K(xp) → K(x)
is purely inseparable.
Corollary 2.3 (Riemann-Hurwitz-Hasse formula for regular branched covers). Let K be
an algebraically closed field of characteristic p ≥ 0. Let π : C → E be a branch cover
between the smooth irreducible algebraic projective curves C and E, of respectively genus
g and γ, everything defined over K. Let us assume π is a regular branched covering with
deck group a finite group G < Aut(C). If p > 0, then we also assume that the order of G is
relatively prime to p. Then
g = |G|(γ − 1) + 1 + |G|
2
∑
e∈Bπ
(1 − m−1e ),
where me is the order of the G-stabilizer of any point in the fiber π
−1(e) and Bπ is the set of
branch values of π.
2.2. Algebraic models. Let k, n ≥ 2 be integers such that k is relatively prime to p. Let
Fk,n be a generalized Fermat curve of type (k, n) and H  Z
n
k
be a generalized Fermat group
of type (k, n) for it. Let us consider a branch covering π : Fk,n → P1K , with H as its deck
group; it has exactly n + 1 branch values, each one of order k. Up to post-composition
by a suitable Mo¨bius transformation (i.e., an element of PGL2(K)), we may assume these
branch values to be given by the points ∞, 0, 1, λ1, . . . , λn−2. As H has order relatively
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prime to p, we may use the Riemann-Hurwitz-Hasse formula to obtain that the genus of
Fk,n is gk,n as stated in the introduction.
Now, we may consider the projective algebraic curve
Ckλ1,...,λn−2 :=

xk
1
+ xk
2
+ xk
3
= 0
λ1x
k
1
+ xk
2
+ xk
4
= 0
...
λn−2xk1 + x
k
2
+ xk
n+1
= 0

⊂ PnK
As∞, 0, 1, λ1, . . . , λn−2 are pairwise different, it can be seen thatCkλ1,...,λn−2 is non-singular
and irreducible. Let ωk ∈ K be a primitive k-root of unity (recall we are assuming k to be
relatively prime to p). For each j = 1, . . . , n + 1,
a j([x1 : · · · : xn+1] = [x1 : · · · : x j−1 : ωkx j : x j+1 : · · · : xn+1]
is an element of Aut(Ck
λ1,...,λn−2
) having order k and acting with kn−1 fixed points (these being
the intersection points of the curve with the hyperplane x j = 0). Also, a1a2 · · · anan+1 = 1,
H0 = 〈a1, . . . , an〉  Znk , and the only non-trivial elements of H acting with fixed points in
the curve are those being the non-trivial powers of a1, . . . , an+1. The elements a1, . . . , an+1
are called the standard generators of H0.
The morphism
π0 : C
(k)(λ1, . . . , λn−2)→ P1K : [x1 : · · · : xn+1] 7→ [−xk2 : xk1]
is a branch cover whose deck group is H0 and branch values are∞, 0, 1, λ1, . . . , λn−2, each
one of order k. In particular,Ck
λ1,...,λn−2
is a generalized Fermat curve of type (k, n) and H0 a
generalized Fermat group of type (k, n) of it.
Theorem 2.4. There is an isomorphism φ : Fk,n → Ckλ1,...,λn−2 conjugating H to H0.
The above, in the case K = C, was proved in [10] using Riemann surfaces and Kleinian
groups theory. We proceed to provide an idea to see that the above still work in the general
situation.
2.3. Sketch of proof of Theorem 2.4. We continue with the previous notations. We iden-
tify P1
K
with K ∪ {∞} and set p1 = ∞, p2 = 0, p3 = 1, p4 = λ1, . . . , pn+1 = λn−2. For each
j = 1, . . . , n + 1, consider a point α j ∈ π−1(p j). There is some b j ∈ H, of order k, such
that b j(α j) = α j. As the group H acts transitively on the set π
−1(p j) and it is abelian, we
observe that π−1(p j) ⊂ Fix(b j). Note that H = 〈b1, . . . , bn+1〉; otherwise, we will obtain
an unbranched covering of degree at least two, say Fk,n/〈b1, . . . , bn+1〉 → P1K , a contradic-
tion by the Riemann-Hurwitz formula. Next, for each j = 1, . . . , n + 1, we observe that
H = 〈b1, . . . , b j−1, b j+1, . . . , bn+1〉. In fact, if this is not the case, then there is a branched
cover Fk,n/〈b1, . . . , b j−1, b j+1, . . . , bn+1〉 → P1K with exactly one branch value of order k;
again a contradiction by the Riemann-Hurwitz-Hasse fomula. Set H2 = 〈b3, . . . , bn+1〉
and, for j = 3, . . . , n + 1, set H j = 〈b2, . . . , b j−1, b j+1, . . . , bn+1〉. We may observe that
H j  Z
n−1
k
and, by applying the Riemann-Hurwitz-Hasse formula, we have that Fk,n/H j is
P
1
K
with exactly (n− 1)k cone points, each one of order k, there is a Mo¨bius transformation
A ∈ PGL2(K), of order k, permuting cyclically these points (so there are n−1 orbits), there
is a branched cover y j : Fk,n → P1K , whose deck group is H j, and each 〈b1〉 and 〈b j〉 induces
under y j the cyclic group 〈A〉. In particular, there is a regular branch cover q j : P1K → P1K
with deck group 〈A〉, such that π = q j ◦ y j. The branch values of q j are p1 = ∞ and p j.
Up to post-composition of y j by a suitable Mo¨bius transformation, we may assume
A(z) = ωkz, so q j(z) = z
k + p j, for j ≥ 3 and we assume q2(z) = −zk.
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The divisor of poles of y j is defined by Fixdiv(b1) and its divisor of zeroes is defined by
Fixdiv(b j), where Fixdiv(bi) is the divisor
∑
p∈Fix(bi) p. This observation will be very useful
when constructing regular differential forms over generalized Fermat curves. In this way,
we may write y j = x j/x1. Using the equalities −yk2 = q2(y2) = π = q j(y j) = ykj + p j, for
j ≥ 3, we may observe that
xk
1
+ xk
2
+ xk
3
= 0
λ1x
k
1
+ xk
2
+ xk
4
= 0
...
λn−2xk1 + x
k
2
+ xk
n+1
= 0

⊂ PnK ,
The morphism
p ∈ Fk,n 7→ [x1(p) : x2(p) : · · · : xn+1(p)] ∈ Ckλ1,...,λn−2
induces an isomorphism as desired.
2.4. Parameter space. It can be seen, from the previous algebraic description, that the
generalized Fermat curves of type (k, 2) are exactly the classical Fermat curves of degree
k. In the case that n ≥ 3, as a consequence of the previous algebraic description, the domain
Ωn = {(λ1, . . . , λn−2) ∈ Kn−2 : λ j , 0, 1; λ j , λi} ⊂ Kn−2
provides a parameter space of the generalized Fermat curves of type (k, n). Observe that
this space is independent of k and it happens to be the moduli space of the ordered (n + 1)
points in P1
K
. In [10] it was observed that Cλ1,...,λn−2 and Cµ1,...,µn−2 are isomorphic if and
only if (λ1, . . . , λn−2) and (µ1, . . . , µn−2) belong to the same orbit under the group Gn of
automorphisms of Ωn generated by the transformations
U(λ1, . . . , λn−2) =
(
λn−2
λn−2 − 1
,
λn−2
λn−2 − λ1
, · · · , λn−2
λn−2 − λn−2
)
V(λ1, . . . , λn−2) =
(
1
λ1
, · · · , 1
λn−2
)
.
Observe that, for n ≥ 4, Gn  Sn+1 and that G3  S3. In this way, the moduli space
of generalized Fermat curves of type (k, n), where k ≥ 2 and n ≥ 3, is provided by the
geometric quotient Ωn/Gn; which happens to be the moduli space of (n + 1) points in P
1
K
.
2.5. Automorphisms. Let us now assume (k − 1)(n − 1) > 2, so H is its unique gener-
alized Fermat group of type (k, n) of Fk,n [14]. Let us set µ1 = ∞, µ2 = 0, µ3 = 1, µ4 =
λ1, · · · , µn+1 = λn−2 (the branched values of π as above). Set Bπ = {µ1, . . . , µn+1} and let
G be the subgroup of PSL2(K) keeping the set Bπ invariant. The uniqueness of H asserts
that every automorphism T̂ of Fk,n induces an element T ∈ PGL2(K) belonging to G, that
is, π ◦ T̂ = T ◦ π. This process produces a homomorphism of groups η : Aut(Fk,n) → G,
whose kernel is H, and a short exact sequence
1→ H →֒ Aut(Fk,n)
η→ G → 1.
The reduced group of automorphisms Aut(Fk,n)/H is naturally isomorphic (via η) to the
finite group G. As previously seen, Fk,n can be assumed to be given by the generalized
Fermat curve Ck
λ1,...,λn−2
and that π([x1 : · · · : xn+1]) = −(x2/x1)k = t. Next, we proceed to
explain an explicit method, described in [10], to compute the group Aut(Ck
λ1,...,λn−2
), which
can be easily implemented into a computer program. Let T ∈ A and T̂ ∈ Aut(Ck
λ1,...,λn−2
)
so that π ◦ T̂ = T ◦ π. It follows that, if T̂ ([x1 : · · · : xn+1]) = [y1 : · · · : yn+1], then
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T (t) = −(y2/y1)k. As the only cyclic subgroups of H or order k acting with fixed points are
〈a j〉, for j = 1, .., n + 1, there is a permutation σ ∈ Sn+1 (the symmetric group on (n + 1)
letters) so that T̂ 〈a j〉T̂−1 = 〈aσ( j)〉. Since the zeros and poles of the meromorphic function
x j/x1 : C → Ĉ are Fix(a j) and Fix(a1), respectively, we may see that the zeros and poles
of the pullback function T̂ ∗(x j/x1) = (x j/x1) ◦ T̂ : Ckλ1,...,λn−2 → Ĉ are Fix(aσ−1( j)) and
Fix(aσ−1(1)), respectively. It follows the existence of constants c2, . . . , cn+1 ∈ C − {0} such
that T̂ ∗(x j/x1) = c j(xσ−1( j)/xσ−1(1)) on Ckλ1 ,...,λn−2. This means that, in the open set {x1 , 0},
the expression of the automorphism T̂ , in terms of affine coordinates, is
T̂ (x2/x1, · · · , xn+1/x1) = (c2xσ−1(2)/xσ−1(1), · · · , cn+1xσ−1(n+1)/xσ−1(1)),
so, in projective coordinates, T̂ has the form
T̂ ([x1 : x2 : · · · : xn+1]) = [xσ−1(1) : c2xσ−1(2) : · · · : cn+1xσ−1(n+1)],
where the constants c j can be easily computed from the algebraic equations ofC
k
λ1,...,λn−2
. As
T (t) = −ck
2
(xσ−1(2)/xσ−1(1))
k, then T (µ j) = µσ( j), j = 1, . . . , n+ 1, that is, the transformation
T induces the same permutation of the index set {1, ..., n+1} as T̂ . This in particular permits
to see that Aut(Ck
λ1,...,λn−2
) is a subgroup of PGLn+1(K).
The description of all finite groups of automorphisms of the projective line P1
K
, that is,
the finite subgroups of PGL2(K), is given in the following (see, for instance, [15, 20, 27]).
Theorem 2.5 (Dickson’s classification of finite subgroups of PGL2(K)). Let K be an al-
gebraically closed filed of characteristic p ≥ 0.
(1) If p = 0, then each finite subgroup G of PGL2(K) is isomorphic to either:
(i) a cyclic group Zm and P
1
K
/G with signature (m,m); or
(ii) a dihedral group Dm (of order 2m) and P
1
K
/G with signature (2, 2,m); or
(iv) the alternating groupA4 and P1K/G with signature (2, 3, 3); or
(v) the alternating groupA5 and P1K/G with signature (2, 3, 3); or
(vi) the symmetric group S4 and P
1
K
/G with signature (2, 3, 4).
(2) If p > 0, then each finite subgroup G of PGL2(K) is isomorphic to either:
(i) a cyclic group Zm, where m is relatively prime to p and P
1
K
/G with signature
(m,m); or
(ii) a dihedral group Dm, where m is relatively prime to p and P
1
K
/G with signa-
ture (2, 2,m); or
(iii) the alternating groupA4 (for p , 2, 3) and P1K/G with signature (2, 3, 3); or
(iv) the alternating group A5 (for p , 2, 3, 5) and P1K/G with signature (2, 3, 5);
or
(v) the alternating groupA5 (for p = 3) and P1K/G with signature (6, 5); or
(vi) the symmetric group S4 (for p , 2, 3) and P
1
K
/G with signature (2, 3, 4); or
(vii) an elementary abelian p-group Znp and P
1
K
/G with signature (pn); or
(viii) a semidirect product of an elementary abelianZnp⋊Zm, where m divides p
n−1,
and P1
K
/G with signature (mpn,m); or
(ix) PSL2(p
n) (for p , 2) and P1
K
/G with signature (pn(pn − 1)/2, (pn + 1)/2); or
(x) PGL2(p
n) and P1
K
/G with signature (pn(pn − 1), (pn + 1)).
2.6. Remark: Case K = C. Set X2,2 = Ĉ, X2,3 = X3,2 = C and, for (k − 1)(n − 1) > 2,
set Xk,n = H
2 (the hyperbolic plane). As a consequence of the uniformization theorem,
there is a Kleinian group Γ = 〈x1, . . . , xn+1 : xk1 = · · · = xkn+1 = x1x2 · · · xn+1 = 1〉, acting
discontinuously on Xk,n so that Fk,n/H = H
2/Γ. This group is unique up to conjugation
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by conformal automorphisms of Xk,n. In [10] it was observed that Fk,n = Xk,n/Γ
′ and
H = Γ/Γ′, where Γ′ denotes the derived subgroup of Γ. If n = 2 (i.e., the Fermat curves
of degree k ≥ 4), then it is well known that the group of automorphisms is isomorphic to
Z
2
k
⋊S3. For n = 3, the process described above permits to obtain the following description.
Proposition 2.6 ([8]). Let Ck
λ
be a generalized Fermat curve of type (k, 3), where k ≥ 3,
and λ ∈ C − {0, 1}. Set
(−1)1/k =
{
eπi/k, if k is even
−1, if k is odd , 2
1/k ∈ R, (−2)1/k = (−1)1/k21/k,
(2)
α̂([x1 : x2 : x3 : x4]) = [x2 : λ
1/kx1 : x4 : λ
1/kx3],
β̂([x1 : x2 : x3 : x4]) = [(−1)1/kx3 : x4 : (λ − 1)1/kx1 : (−1)1/k(λ − 1)1/kx2],
γ̂([x1 : x2 : x3 : x4]) = [x4 : 2
1/kx1 : x2 : (−2)1/kx3], λ = 2,
γ̂([x1 : x2 : x3 : x4]) = [x3 : x4 : 2
1/kx2 : (−2)1/kx1], λ = −1,
γ̂([x1 : x2 : x3 : x4]) = [2
1/kx3 : x1 : (−2)1/kx4 : x2], λ = 1/2,
δ̂([x1 : x2 : x3 : x4]) = [((1 + i
√
3)/2)1/kx1 : (−1)1/kx4 : x2 : x3], λ = (1 + i
√
3)/2,
δ̂([x1 : x2 : x3 : x4]) = [((1 − i
√
3)/2)1/kx1 : x4 : x2 : (−1)1/kx3], λ = (1 − i
√
3)/2,
and L = 〈α̂, β̂〉. Note that γ̂4 = 1, δ̂3 = 1, and that (i) for k even, L  D2k, where Dn
denotes the dihedral group of order 2n, and that (ii) for k odd, L  Z2
2
. Then
(i) If λ < G({2, (1 + i
√
3)/2}), then Aut(Ck
λ
)/H  Z2
2
, Aut(Ck
λ
) = H ⋊ L and the
signature of Ck
λ
/Aut(Ck
λ
) is (0, 4; 2, 2, 2, k);
(ii) if λ ∈ G(2) = {−1, 1/2, 2}, then Aut(Ck
λ
)/H  D4, Aut(C
k
λ
) = H ⋊ 〈α̂, β̂, γ̂〉 and the
signature of Ck
λ
/Aut(Ck
λ
) is (0, 3; 2, 4, 2k);
(iii) if λ ∈ G((1 + i
√
3)/2) = {(1 + i
√
3)/2, (1 − i
√
3)/2}, then Aut(Ck
λ
)/H  A4,
Aut(Ck
λ
) = H ⋊ 〈α̂, β̂, δ̂〉 and the signature of Ck
λ
/Aut(Ck
λ
) is (0, 3; 2, 3, 3k).
3. An standard basis of holomorphic forms of generalized Fermat curves
The aim of this section is to describe a very special basis of holomorphic (i.e., regular)
forms of a generalized Fermat curve Fk,n of genus gk,n ≥ 1, i.e., (k − 1)(n − 1) ≥ 2. Let us
fix a generalized Fermat curve Ck
λ1,...,λn−2
representing Fk,n.
3.1. The field of meromorphic maps. On Ck
λ1 ,...,λn−2
there are the following meromorphic
maps
y j =
x j
x1
: Ckλ1,...,λn−2 → P1K = K ∪ {∞}; j = 2, . . . , n + 1.
Note that y j is a regular branched cover of degree k
n−1, whose deck group is
deck(y j) = 〈a2, . . . , a j−1, a j+1, . . . , an+1〉  Zn−1k ,
its zeroes given by the fixed points of a j and its poles being the fixed points of a1. In
what follows, we will use the notation z := y2. The above meromorphic maps satisfy the
following relations
(3)

1 + zk + yk
3
= 0
λ1 + z
k + yk
4
= 0
...
...
...
λn−2 + zk + ykn+1 = 0

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and generate the field of meromorphic maps of the curve, in fact
K(Ckλ1,...,λn−2) =
⊕
0≤α j≤k−1
K(z) y
α3
3
y
α4
4
· · · yαn+1
n+1
.
Remark 3.1. It is well known that the field K(Ck
λ1,...,λn−2
) can be generated just with two
meromorphic maps, one of them being z, but in our situation it is better to use all the above
generators.
Remark 3.2. The action of H on the above meromorphic maps is given as follows (a∗
j
f :=
f ◦ a−1
j
):
{
a∗
1
z = ωkz, a
∗
2
z = ω−1
k
z, a∗
j
z = z, j ∈ {3, . . . , n + 1};
a∗
1
yl = ωkyl, a
∗
l
yl = ω
−1
k
yl, a
∗
j
yl = yl, j ∈ {2, 3, . . . , n + 1} − {l}.
}
Remark 3.3. Assume n ≥ 3 and let us consider the regular branched cover
πn+1 : C
k
λ1,...,λn−2 → Ckλ1,...,λn−3 : [x1 : · · · : xn+1] 7→ [x1 : · · · : xn],
whose deck group is 〈an+1〉. For each meromorphic map f : Ckλ1,...,λn−3 → P1K there is
associated the meromorphic map f ◦ πn+1 : Ckλ1,...,λn−2 → P1K . This permits to assume the
following identifications (under πn+1)
K(Ckλ1,...,λn−3) =
⊕
0≤α j≤k−1
K(z) y
α3
3
y
α4
4
· · · yαnn ,
and
(4) K(Ckλ1,...,λn−2) =
⊕
0≤αn+1≤k−1
K(Ckλ1,...,λn−3) y
αn+1
n+1
.
The decomposition (4) corresponds to the eigenspaces decomposition associated to the
K(Ck
λ1,...,λn−3
)-linear map
a∗n+1 : K(C
k
λ1,...,λn−2) → K(Ckλ1,...,λn−2) : φ 7→ φ ◦ a−1n+1.
3.1.1. Divisors of y j. If the set of fixed points of a j is given by {p j1, . . . , p jkn−1}, then we
set the corresponding divisor
Fix(a j) =
kn−1∑
i=1
p ji ∈ Div(Ckn), j = 1, . . . , n + 1.
Let us note that sometimes we use the notation Fix(a j) (by abuse of language) to denote
the above divisor or the corresponding set of fixed points. The following is easy to note
from the above.
Lemma 3.4. The divisor of the meromorphic map y j, for j = 2, . . . , n + 1, is
(y j) = Fix(a j) − Fix(a1).
In particular, for i , j ∈ {1, . . . , n + 1}, the divisor of the meromorphic map y ji := y j/yi is
(y ji) = Fix(a j) − Fix(ai).
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3.2. The space of meromorphic forms. Since dz is a meromorphic form ofCk
λ1,...,λn−2
, the
previous asserts that its space of meromorphic forms is given by
M(Ckλ1,...,λn−2) =
⊕
0≤α j≤k−1
K(z)
dz
y
α3
3
y
α4
4
· · · yαn+1
n+1
.
The meromorphicmap z is a regular branched cover of degree kn−1, whose branch points
are the fixed points of the elements a3, . . . , an+1, each one of order k. The branch values of
z are given by the k-roots of the points −1,−λ1, . . . ,−λn−2. In particular, the divisor of the
meromorphic form dz is
(dz) =
n+1∑
j=3
(k − 1)Fix(a j) − 2Fix(a1).
Similarly,
(dy ji) =
n+1∑
s,i, j
(k − 1)Fix(as) − 2Fix(ai).
If r ∈ Z and (α3, . . . , αn+1) ∈ {0, 1, . . . , k−1}n−1, then we may consider the meromorphic
form
(5) θr;α3 ,...,αn+1 =
zrdz
y
α3
3
y
α4
4
· · · yαn+1
n+1
,
whose divisor is
(6)
(
θr;α3 ,...,αn+1
)
= (α3 + · · · + αn+1 − 2 − r)Fix(a1) + rFix(a2) +
n+1∑
j=3
(k − 1 − α j)Fix(a j).
Remark 3.5. By remark 3.2, we may see the following (the pull-back action of element of
H on the above meromorphic forms):
a∗j(θr;α3 ,...,αn+1) =

ω
r+1−(α3+···+αn+1)
k
θr;α3 ,...,αn+1 , j = 1,
ω−r−1
k
θr;α3,...,αn+1 , j = 2,
ω
α j
k
θr;α3 ,...,αn+1 , j ∈ {3, . . . , n + 1}.
3.3. An standard basis for the space of holomorphic forms. By looking at the divisor
form of θr;α3 ,...,αn+1 (see (6)), we may see that it is holomorphic on C
k
λ1,...,λn−2
if and only if
(r;α3, . . . , αn+1) ∈ Ik,n, where
Ik,n =
{
(r;α3, . . . , αn+1);α j ∈ {0, 1, . . . , k − 1}, 0 ≤ r ≤ α3 + · · · + αn+1 − 2
}
.
Remark 3.5, together the divisor form (6), permits to observe the following.
Lemma 3.6. The collection Bcan := {θr;α3 ,...,αn+1 }(r;α3 ,...,αn+1)∈Ik,n turns out to be K-linearly
independent.
If, for each l ∈ {0, 1, . . . , (k − 1)(n − 1)}, we set
L(k, n, l) = #
{
(t1, . . . , tn−1) : t j ∈ {0, 1, . . . , k − 1}, t1 + · · · + tn−1 = l
}
,
then
#Ik,n =
(k−1)(n−1)∑
l=2
(l − 1) L(k, n, l).
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Lemma 3.7. If k, n ≥ 2 are integers so that (n − 1)(k − 1) ≥ 2, then
gk,n =
(k−1)(n−1)∑
l=2
(l − 1) L(k, n, l).
Proof. If we set
C(k, n, l) =
{
(t1, . . . , tn−1) : t j ∈ {0, 1, . . . , k − 1}, t1 + · · · + tn−1 = l
}
,
then {
(t1, . . . , tn−1) : t j ∈ {0, 1, . . . , k − 1}
}
=
(n−1)(k−1)⋃
l=0
C(k, n, l),
from which we obtain that
(k−1)(n−1)∑
l=0
L(k, n, l) = kn−1.
Let us set
Φk,n :=
(k−1)(n−1)∑
l=2
(l − 1) L(k, n, l)
and
(∗) Ψk,n :=
(k−1)(n−1)∑
l=0
(l − 1) L(k, n, l) = −1 + Φk,n.
As (t1, . . . , tn−1) ∈ C(k, n, l) if and only if (k−1− t1, . . . , k−1− tn−1) ∈ C(k, n, (n−1)(k−
1) − l), we may see that
L(k, n, l) = L(k, n, (n − 1)(k − 1) − l).
In this way,
(∗∗) Ψk,n =
(k−1)(n−1)∑
l=0
(l−1) L(k, n, (n−1)(k−1)− l) =
(k−1)(n−1)∑
l=0
((n−1)(k−1)− l−1) L(k, n, l).
By adding (*) and (**), we obtain
2Ψk,n = ((n − 1)(k − 1) − 2)
(n−1)(k−1)∑
l=0
L(k, n, l) = kn−1((n − 1)(k − 1) − 2).
It now follows from (*) that Φk,n = 1 + k
n−1((n − 1)(k − 1) − 2) as desired. 
Theorem 3.8. The collection Bcan := {θr;α3 ,...,αn+1 }(r;α3 ,...,αn+1)∈Ik,n provides a basis for the
space H1,0(Ck
λ1,...,λn−2
) of holomorphic forms of Ck
λ1,...,λn−2
, called a standard basis.
Proof. This is consequence of Lemma 3.6 and Lemma 3.7. 
If we set
Ak,n =
{
(α3, . . . , αn+1);α j ∈ {0, 1, . . . , k − 1}, 2 ≤ α3 + · · · + αn+1
}
and by Kd[z] the (d + 1) dimensional vector space of K-polynomials in the z-variable and
degree at most d ∈ {0, 1, . . . , }, then the above theorem asserts the following decomposition.
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Corollary 3.9. There is the following natural decomposition of the space of holomorphic
forms on Ck
λ1,...,λn−2
H1,0(Ckλ1,...,λn−2) =
⊕
(α3 ,...,αn+1)∈Ak,n
H
1,0
(α3 ,...,αn+1)
(Ckλ1,...,λn−2) =
=
⊕
(α3 ,...,αn+1)∈Ak,n
Kα3+···+αn+1−2[z]θ0;α3 ,...,αn+1 .
3.4. On the standard canonical embedding. If gk,n > 1, then the canonical embedding
defined by the standard basis Bcan (as in Theorem 3.8)
ιBcan : Ckλ1,...,λn−2 →֒ P
gk,n−1
K
,
will be called the standard canonical embedding and ιBcan(Ckλ1,...,λn−2) the standard canonical
image curve.
Remark 3.10. As seen in Remark 3.5, we may see that each of the elements of H, seen on
the standard canonical image curve, is the restriction of a diagonal linear transformation.
Proposition 3.11. Assuming gk,n > 1, there is a sub-collection of cardinality (n+ 1) inside
the standard basis Bcan, say θ1, . . . , θn+1, so that the map
ι̂Bcan : Ckλ1,...,λn−2 →֒ PnK : [x1 : · · · : xn+1] 7→ [θ1 : · · · : θn+1]
is the identity map.
Proof. We proceed to explicitly describe these n + 1 holomorphic forms. If n ≥ 4, then
consider the following (n + 1) collection
θ1 = θ0;1,...,1 =
dz
y3 · · · yn+1
, θ2 = θ1;1,...,1 =
zdz
y3 · · · yn+1
,
θ j = θ0;1,...,1,0,1,...,1 =
dz
y3 · · · y j−1y j+1 · · · yn+1
, j = 3, . . . , n + 1.
If n = 3 (so k ≥ 3 as gk,3 > 1), then take the collection
θ1 = θ0;2,2 =
dz
y2
3
y2
4
, θ2 = θ1;2,2 =
zdz
y2
3
y2
4
, θ3 = θ0;1,2 =
dz
y3y
2
4
, θ4 = θ0;2,1 =
dz
y2
3
y4
.
If n = 2 (so k ≥ 4), chose the collection
θ1 = θ0;3 =
dz
y3
3
, θ2 = θ1;3 =
zdz
y3
3
, θ3 = θ0;2 =
dz
y2
3
.

Remark 3.12. As elements of the group Aut(Ck
λ1,...,λn−2
) acts as the restriction of a linear
transformation on the standard canonical image curve, by the previous result, the group
Aut(Ck
λ1,...,λn−2
) also acts as restriction of linear transformations in the the generalized Fer-
mat curve Ck
λ1,...,λn−2
(this last fact was previously noted in [14]).
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4. Some explicit examples
4.1. Genus one generalized Fermat curves. There are only two types (k, n) producing
genus one generalized Fermat curves, these being (k, n) ∈ {(2, 3), (3, 2)}.
(1) The generalized Fermat curve of type (3, 2) is given by the classical Fermat curve of
degree 3
C : {x31 + x32 + x33 = 0} ⊂ P2K ,
whose standard basis is given by
Bcan =
θ1 = dzy2
3
 .
(2) The generalized Fermat curve of type (2, 3) is given by
(7) C2λ =
{
x2
1
+ x2
2
+ x2
3
= 0
λx2
1
+ x2
2
+ x2
4
= 0
}
⊂ P3K ,
whose standard basis is given by
Bcan =
{
θ1 =
dz
y3y4
}
.
4.2. Classical Fermat curves. A generalized Fermat curve of type (k, 2) of positive genus
is just the classical Fermat curve of degree k ≥ 4 (being of genus g = (k − 1)(k − 2)/2),
(8) Fk =
{
xk
1
+ xk
2
+ xk
3
= 0
}
⊂ P2K .
In this case, the standard basis is given by
Bcan =
{
θr;α3 =
zrdz
y
α3
3
, 0 ≤ r ≤ α3 − 2, α3 ∈ {2, . . . , k − 1}
}
,
and the three ones producing the identity map ι̂ are given by
θ1 = θ0;3 =
dz
y3
3
, θ2 = θ1;3 =
zdz
y3
3
, θ3 = θ0;2 =
dz
y2
3
.
4.3. Classical Humbert curves. Classical Humbert curves are the generalized Fermat
curves of type (2, 4) (these being of genus g = 5),
(9) C2λ1,λ2 =

x2
1
+ x2
2
+ x2
3
= 0
λ1x
2
1
+ x2
2
+ x2
4
= 0
λ2x
2
1
+ x2
2
+ x2
5
= 0
 ⊂ P4K .
In this case, the standard basis is given by
Bcan =
{
θ1 =
dz
y3y4y5
, θ2 =
zdz
y3y4y5
, θ3 =
dz
y4y5
, θ4 =
dz
y3y5
, θ5 =
dz
y3y4
}
,
and the standard canonical embedding is just the identity map (see Proposition 3.11).
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4.4. Generalized Fermat curves of type (3, 3). Generalized Fermat curves of type (3, 3)
have genus g = 10 and have the form
(10) C3λ =
{
x3
1
+ x3
2
+ x3
3
= 0
λx3
1
+ x3
2
+ x3
4
= 0
}
⊂ P3K .
In this case, the standard basis is given by
Bcan =
θ1 = dzy2
3
y2
4
, θ2 =
zdz
y2
3
y2
4
, θ3 =
dz
y3y
2
4
, θ4 =
dz
y2
3
y4
, θ5 =
z2dz
y2
3
y2
4
, θ6 =
zdz
y2
3
y4
,
θ7 =
dz
y2
3
, θ8 =
zdz
y3y
2
4
, θ9 =
dz
y3y4
, θ10 =
dz
y2
4
 ,
and the standard canonical embedding is
ιBcan : C3λ → P9K
[x1 : x2 : x3 : x4] 7→ [θ1 : · · · : θ10] =
= [x21 : x1x2 : x1x3 : x1x4 : x
2
2 : x2x4 : x
2
4 : x2x3 : x3x4 : x
2
3].
The standard canonical image curve ιBcan(C3λ) is defined as the zeroes of the polynomials
(using [t1 : · · · : t10] as the projective coordinates of P9K)
t1t5 = t
2
2, t1t6 = t2t4, t1t7 = t
2
4, t1t8 = t2t3, t1t9 = t3t4, t1t10 = t
2
3,
t31 + t
3
2 + t
3
3 = 0, λt
3
1 + t
3
2 + t
2
4 = 0.
Observe that the last two equations above are the generalized Fermat equations.
5. Evaluation of the Cartier operator on the standard basis
Assume K of positive characteristic p > 0, (k−1)(n−1) ≥ 2, where k is relatively prime
to p, and set Fk,n = C
k
λ1,...,λn−2
(for n = 2, Fk,2 is the classical Fermat curve of degree k). Let
Ck,n : H
1,0(Fk,n) → H1,0(Fk,n) the corresponding Cartier operator. In Theorem 3.8 we have
constructed a standard basis for H1,0(Fk,n), given by the elements of the form
θr;α3 ,...,αn+1 =
zrdz
y
α3
3
· · · yαn+1
n+1
, (r;α3, . . . αn+1) ∈ Ik,n,
whose Cartier image is
Ck,n(θr;α3 ,...,αn+1) =
−
dp−1
(
zr
y
α3
3
···yαn+1
n+1
)
dzp−1

1/p
.
Below, we compute such values in characteristic p = 2 and we workout some exam-
ples. Also, we look at the case of classical Humbert curves (i.e., k = 2 and n = 4) in
characteristic p = 3.
Remark 5.1. Let us consider the cyclic branched cover, whose deck group is 〈an+1〉  Zk,
π : Fn
k
→ Fn−1
k
, defined by π([x1 : · · · : xn+1]) = [x1 : · · · : xn]. Then, using z = x2/x1 in
both curves, we obtain that π∗ ◦ Ck,n−1 = Ck,n ◦ π∗, where π∗ : H1,0(Fk,n−1) →֒ H1,0(Fnk ) is
the pull-back map. Then H1,0(Fk,n−1) K Fix(a∗n+1) = 〈θr;α3 ,...,αn,0 : (r;α3, . . . , αn, 0) ∈ Ik,n〉
and ker(Ck,n−1) can be identified with Fix(a∗n+1) ∩ ker(Ck,n).
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5.1. Characteristic p = 2. In this case, k ≥ 3 is odd and the following properties hold:
(1) Ck,n
(
f 2θ
)
= fCk,n(θ).
(2) Ck,n
((
f 2
0
+ f 2
1
z
)
dz
)
= f1dz.
(3)
Ck,n (z
rdz) =
{
0, r even,
z(r−1)/2dz, r odd.
(4) If r ≥ 0 is even, then Ck,n ( f zrdz) = f 1/2z zr/2dz.
(5) If r ≥ 1 is odd, then Ck,n ( f zrdz) = ( fzz + f )1/2z(r−1)/2dz.
In the following, we set δ3 = 1, for j = 1, . . . , n − 2, and δ3+ j = λ j.
Theorem 5.2. Let p = 2, k ≥ 3 odd and n ≥ 2. If, for (r;α3, . . . , αn+1) ∈ Ik,n, we set
A = A(α3, . . . , αn+1) =
{
j ∈ {3, . . . , n + 1} : α j is odd
}
,
and
α̂ j =
{
α j, j < A
k + α j, j ∈ A
then
Ck,n(θr;α3,...,αn+1) =

0, r even and A = ∅;
θ r+k−1
2
;̂α3/2,...,̂αn+1/2
, r even and #A = 1;
∑ #A−2
2
s=0
q
1/2
s θsk+ r−1+k
2
;
α̂3
2
··· α̂n+1
2
, r even and #A ≥ 2 even;
∑ #A−1
2
s=0
q
1/2
s θsk+ r−1+k
2
;
α̂3
2
··· α̂n+1
2
, r even and #A ≥ 3 odd;
θ r−1
2
;α3 ,...,αn+1
, r odd and A = ∅;
δ
1/2
j0
θ
r−1
2
;α3,...,α j0−1,
α j0
+k
2
,α j0+1,...,αn+1/2
, r odd and A = { j0};
∑ #A
2
s=0
d
1/2
s θsk+ r−1
2
;
α̂3
2
··· α̂n+1
2
, r odd and #A ≥ 2 even;
∑ #A−1
2
s=0
d
1/2
s θsk+ r−1
2
;
α̂3
2
··· α̂n+1
2
, r odd and #A ≥ 3 odd;
where, qs is the sum of all (#A − 2s − 1)-products of the different elements δ j for j ∈ A,
with the only exception of the case #A odd and s = (#A − 1)/2; in which case q #A−1
2
= 1.
Similarly, ds is the sum of all (#A− 2s)-products of the different elements δ j for j ∈ A, with
the only exception of the case #A even and s = #A/2; in which case q #A
2
= 1.
Proof. We first note that, using the equalities yk
j
= δ j + z
k, one gets
∑
j∈A
 ∏
i∈A−{ j}
yki
 =

∑ #A−2
2
s=0
qsz
2sk, #A ≥ 2 even;
∑ #A−1
2
s=0
qsz
2sk, #A ≥ 3 odd;
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and ∏
j∈A
ykj − zk
∑
j∈A
 ∏
i∈A−{ j}
yki
 =

∑ #A
2
s=0
dsz
2sk, #A ≥ 2 even;
∑ #A−1
2
s=0
dsz
2sk, #A ≥ 3 odd.
Now, since
d
(
zr
y
α3
3
···yαn+1
n+1
)
dz
=
zr−1(r − zk∑n+1j=3 α jy−kj )
y
α3
3
· · · yαn+1
n+1
,
we get
Ck,n(θr;α3 ,...,αn+1) =

0, r even and A = ∅.
θ r+k−1
2
;̂α3/2,...,̂αn+1/2
, r even and #A = 1.
z
r−1+k
2
(∑
j∈A
(∏
i∈A−{ j} yki
))1/2
y
α̂3/2
3
· · · yα̂n+1/2
n+1
dz, r even and #A ≥ 2.
θ r−1
2
;α3,...,αn+1
, r odd and A = ∅.
δ
1/2
j0
θ
r−1
2
;α3 ,...,α j0−1,
α j0
+k
2
,α j0+1,...,αn+1/2
, r odd and A = { j0}.
z
r−1
2
(∏
j∈A ykj − zk
∑
j∈A
(∏
i∈A−{ j} yki
))1/2
y
α̂3/2
3
· · · yα̂n+1/2
n+1
dz, r odd and #A ≥ 3.
Now the result follows from combining all the above. 
Corollary 5.3.
aFk,n = dimK(ker(Ck,n)) ≥
(n − 1)(k − 1)
4
(
k + 1
2
)n−1
.
Proof. Let us set
B =
{
(r;α3, . . . , αn+1) ∈ Ik,n : r, α3, . . . , αn+1 ≡ 0(2)
}
.
As seen in the above theorem, the elements θr;α3 ,...,αn+1 , where (r;α3, . . . , αn+1) ∈ B,
belong to the the kernel of Ck,n. In this way, dimK(ker(Ck,n)) ≥ #B. Next, we proceed to
check that the right hand in the inequality in the above corollary is exactly #B.
Set
T =
{
(α3, . . . , αn+1) : α3 + · · · + αn+1 ≥ 2, α j ≡ 0(2), α j ∈ {0, 1, . . . , k − 1}
}
.
We have that
#T =
(
k + 1
2
)n−1
− 1.
Let I = {2, 4, 6, . . . , (n − 1)(k − 1)} and, for each l ∈ I ∪ {0}, we set
T (l) = {(α3, . . . , αn+1) : α3 + · · · + αn+1 = l} .
It follows that T is the disjoint union of all these sets T (l), l ∈ I; in particular,
#T =
∑
l∈I
#T (l).
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Next, as for each l ∈ I, the set {r ∈ {0, 1, . . . , l − 2} : r ≡ 0(2)} has cardinality l
2
, it
follows that
#B =
∑
l∈I
l
2
· #T (l) = 1
2
∑
l∈I
l · #T (l).
Now, as the rule
(α3, . . . , αn+1) ∈ T (l) → (k − 1 − α3, . . . , k − 1 − αn+1) ∈ T ((n − 1)(k − 1) − l)
provides a bijection, we also have
#T (l) = #T ((n − 1)(k − 1) − l).
The above asserts the following sequence of equalities:∑
l∈I
l · #T (l) =
∑
l∈I∪{0}
l · #T (l) =
∑
l∈I∪{0}
l · #T ((n − 1)(k − 1) − l) =
=
∑
l∈I∪{0}
((n − 1)(k − 1) − l) · #T (l) =
= (n − 1)(k − 1)
∑
l∈I∪{0}
#T (l) −
∑
l∈I∪{0}
l · #T (l).
= (n − 1)(k − 1) · (#T + 1) −
∑
l∈I
l · #T (l),
from which we obtain
4 · #B = 2
∑
l∈I
l · #T (l) = (n − 1)(k − 1) · (#T + 1).

The previous corollary provides a lower bound for the dimension of the exact holomor-
phic forms of generalized Fermat curves in characteristic p = 2. Below we workout the
cases n = 2, 3, 4 and observe that the inequality in the previous corollary turns out to be an
equality for n = 2, 3 and an strictly inequality for n = 4.
5.1.1. Example: n = 2 (classical Fermat curves). For the classical Fermat curve
Fk,2 = {xk1 + xk2 + xk3 = 0} ⊂ P2K ,
the standard basis is given by the forms
θr;α =
zrdz
yα
, 0 ≤ r ≤ α − 2, α ∈ {2, . . . , k − 1},
where z = x2/x1, y = x3/x1. The image under the Cartier operator of them is as follows
Ck,2
(
θr;α
)
=

0, r, α ≡ 0(2)
θ r+k−1
2
; α+k
2
, r ≡ 0(2), α ≡ 1(2)
θ r−1
2
; α
2
, r ≡ 1(2), α ≡ 0(2)
θ r−1
2
; α+k
2
, r ≡ 1(2), α ≡ 1(2)
The above asserts that ker(Ck,2) = 〈θr;α : r ≡ 0(2) and α ≡ 0(2)〉, that is,
aFk,2 = dimK ker(Ck,2) =
k2 − 1
8
.
The above has been already computed in [18].
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5.1.2. Example: n = 3. The generalized Fermat curve
Fk,3 =
{
xk
1
+ xk
2
+ xk
3
= 0
λ1x
k
1
+ xk
2
+ xk
4
= 0
}
⊂ P3K , λ1 ∈ K − {0, 1},
has genus gk,3 = k
3 − 2k2 + 1. In this case, the standard basis is{
θr;α3 ,α4 =
zrdz
y
α3
3
y
α4
4
}
(r;α3 ,α4)∈Ik,3
and the image of them under the Cartier operator is
Ck,3
(
θr;α3 ,α4
)
=

0, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 0(2)
θ r−1+k
2
;
α3
2
,
α4+k
2
, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 1(2)
θ r−1+k
2
;
α3+k
2
,
α4
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 0(2)
(1 + λ1)
1/2θ r−1+k
2
;
α3+k
2
,
α4+k
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 1(2)
θ r−1
2
;
α3
2
,
α4
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 0(2)
λ
1/2
1
θ r−1
2
;
α3
2
,
α4+k
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 1(2)
θ r−1
2
;
α3+k
2
,
α4
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 0(2)
λ
1/2
1
θ r−1
2
;
α3+k
2
,
α4+k
2
+ θ r−1+2k
2
;
α3+k
2
,
α4+k
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 1(2)
In particular, the above asserts that
(∗) aFk,3 = dimK ker(Ck,3) =
(k2 − 1)(k + 1)
8
.
The above equality is consequence to the following facts.
(1) The right-hand of (∗) is the number of triples (r;α3, α4) ∈ Ik,n satisfying that
r, α3, α4 are all even integers, which are in ther kernel; this provides the inequality
“≥” in the above.
(2) If we are outside the cases (i) r, α3, α4 are all even and (ii) r, α3, α4 are all odd, then
the image under Ck,3 of θr;α3 ,α4 determines uniquely (r;α3, α4). So, no non-trivial
K-linear combinations of them will produce an element of the kernel.
(3) Now, if r, α3, α4 are all odd integers, then he image of θr;α3 ,α4 under Ck,3 is equal
to λ
1/2
1
θ r−1
2
;
α3+k
2
,
α4+k
2
+ θ r−1+2k
2
;
α3+k
2
,
α4+k
2
. But θ r−1
2
;
α3+k
2
,
α4+k
2
will be only the image of
(1 + λ1)
−1/2θ r−k
2
;
α3+k
2
,
α4+k
2
if k ≤ r and θ r−1+2k
2
;
α3+k
2
,
α4+k
2
will be the image of (1 +
λ1)
−1/2θ r+k
2
;
α3+k
2
,
α4+k
2
if r ≤ α3 + α4 − 2 − k. Clearly, both conditions cannot be
hold true simultaneously.
5.1.3. Example: k = n = 3. For instance, let us workout the particular case k = n = 3.
The curve F3,3 has genus 10, the standard basis is
θ1 =
dz
y3y4
, θ2 =
dz
y2
3
, θ3 =
dz
y2
4
, θ4 =
dz
y2
3
y4
, θ5 =
zdz
y3y
2
4
,
θ6 =
zdz
y2
3
y4
, θ7 =
zdz
y3y
2
4
, θ8 =
dz
y2
3
y2
4
, θ9 =
zdz
y2
3
y2
4
, θ10 =
z2dz
y2
3
y2
4
,
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and the image of them, under the Cartier operator, are as follows:
C3,3(θ1) = (1 + λ1)
1/2θ9, C3,3(θ2) = 0, C3,3(θ3) = 0, C3,3(θ4) = θ7, C (θ5)3,3 = θ6,
C3,3(θ6) = λ
1/2
1
θ5, C3,3(θ7) = θ4, C3,3(θ8) = 0, C3,3(θ9) = θ1, C3,3(θ10) = 0.
So, in this case
C3,3

10∑
j=1
µ jθ j
 = µ1/21 (1 + λ1)1/2θ9 + µ1/24 θ7 + µ1/25 θ6 + µ1/26 λ1/21 θ5 + µ1/27 θ4 + µ1/29 θ1.
As the kernel of C3,3 corresponds to have µ1 = µ4 = µ5 = µ6 = µ7 = µ9 = 0, we
get ker(C3,3) = 〈θ2, θ3, θ8, θ10〉  K4. We may also observe that Hn(F3,3) = ker(C3,3), so
dimKH
s(F3,3) = 6. In fact, the logarithmic holomorphic forms are those satisfying
µ2 = µ3 = µ8 = µ10 = 0, µ
3
1 = 1 + λ1, µ9 = µ
2
1, µ
3
4 = 1, µ7 = µ
2
4, µ
3
5 = λ
2
1, µ6 = µ
2
5/λ
2
1,
in particular, the 2-rank of JF3,3 is γF3,3 = 6.
In [3], as a consequence of Kani-Rosen results [17], it was noted that JF3,3 is isogenous
to the product of four curves of genus one and three jacobians of genus two curves. The
four genus one curves are given by
C1 : y
3 = x(x − 1)(x − λ1), C2 : y3 = x(x − 1),
C3 : y
3 = x(x − λ1), C4 : y3 = (x − 1)(x − λ1),
and the three genus two curves by
E1 : y
3 = x(x − 1)(x − λ1)2, E2 : y3 = x(x − 1)2(x − λ1), E3 : y3 = x2(x − 1)(x − λ1).
5.1.4. Example: n = 4. The generalized Fermat curve
Fk,4 =

xk
1
+ xk
2
+ xk
3
= 0
λ1x
k
1
+ xk
2
+ xk
4
= 0
λ2x
k
1
+ xk
2
+ xk
5
= 0
 ⊂ P4K , λ1, λ2 ∈ K − {0, 1}, λ1 , λ2
has genus gk,3 = 1 + k
3(3k − 5)/2. In this case, the standard basis is
{
θr;α3 ,α4,α5 =
zrdz
y
α3
3
y
α4
4
y
α5
5
}
(r;α3 ,α4,α5)∈Ik,3
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and the value of Ck,4
(
θr;α3 ,α4,α5
)
is given in the following table
0, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 0(2), α5 ≡ 0(2)
θ r−1+k
2
;
α3+k
2
,
α4
2
,
α5
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 0(2), α5 ≡ 0(2)
θ r−1+k
2
;
α3
2
,
α4+k
2
,
α5
2
, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 1(2), α5 ≡ 0(2)
θ r−1+k
2
;
α3
2
,
α4
2
,
α5+k
2
, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 0(2), α5 ≡ 1(2)
(1 + λ2)
1/2θ r−1+k
2
;
α3+k
2
,
α4
2
,
α5+k
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 0(2), α5 ≡ 1(2)
(λ1 + λ2)
1/2θ r−1+k
2
;
α3
2
,
α4+k
2
,
α5+k
2
, r ≡ 0(2), α3 ≡ 0(2), α4 ≡ 1(2), α5 ≡ 1(2)
(1 + λ1)
1/2θ r−1+k
2
;
α3+k
2
,
α4+k
2
,
α5
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 1(2), α5 ≡ 0(2)
((λ1 + λ2 + λ1λ2)
1/2 + zk)θ r+k−1
2
;
α3+k
2
,
α4+k
2
,
α5+k
2
, r ≡ 0(2), α3 ≡ 1(2), α4 ≡ 1(2), α5 ≡ 1(2)
θ r−1
2
;
α3
2
α4
2
,
α5
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 0(2), α5 ≡ 0(2)
θ r−1
2
;
α3+k
2
,
α4
2
,
α5
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 0(2), α5 ≡ 0(2)
λ
1/2
1
θ r−1
2
;
α3
2
,
α4+k
2
,
α5
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 1(2), α5 ≡ 0(2)
λ
1/2
2
θ r−1
2
;
α3
2
,
α4
2
,
α5+k
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 0(2), α5 ≡ 1(2)
(λ
1/2
2
+ zk)θ r−1
2
;
α3+k
2
,
α4
2
,
α5+k
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 0(2), α5 ≡ 1(2)
((λ1λ2)
1/2 + zk)θ r−1
2
;
α3
2
,
α4+k
2
,
α5+k
2
, r ≡ 1(2), α3 ≡ 0(2), α4 ≡ 1(2), α5 ≡ 1(2)
(λ
1/2
1
+ zk)θ r−1
2
;
α3+k
2
,
α4+k
2
,
α5
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 1(2), α5 ≡ 0(2)
((λ1λ2)
1/2 + (1 + λ1 + λ2)
1/2zk)θ r−1
2
;
α3+k
2
,
α4+k
2
,
α5+k
2
, r ≡ 1(2), α3 ≡ 1(2), α4 ≡ 1(2), α5 ≡ 1(2)
Let us observe, from the above, that θ0;k−2,k−1,k−1 and θk;k−2,k−1,k−1 are sent by Ck,4 to
θ k−1
2
;k−1, k−1
2
, k−1
2
; so θ0;k−2,k−1,k−1 − θk;k−2,k−1,k−1 is also in the kernel of the Cartier operator.
5.2. Characteristic p = 3 and k = 2. For the elements of the standard basis for F2,n, n ≥
3, one can check that
C2,n(θr;α3,...,αn+1 )
||(
2
(∑
3≤i< j≤n+1 αiα j
∏
t,i, j y
2
t
)
zr+2 + (1 + 2r)
(∑n+1
j=3 α j
∏
s, j y
2
s
)
zr + (r − 1)r
(∏n+1
j=3 y
2
j
)
zr−2
)1/3
y
α3
3
· · · yαn+1
n+1
,
where 0 ≤ r ≤ α3 + · · · + αn+1 − 2, and α j ∈ {0, 1}.
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5.2.1. Classical Humber curves. Let us consider the case of the classical Humbert curves
(these being of genus g = 5) in characteristic p = 3
(11) F2,4 =

x2
1
+ x2
2
+ x2
3
= 0
λ1x
2
1
+ x2
2
+ x2
4
= 0
λ2x
2
1
+ x2
2
+ x2
5
= 0
 ⊂ P4K , λ1, λ2 ∈ K − {0, 1}, λ1 , λ2.
In this case, the standard basis is given by the elements
θ1 =
dz
y3y4y5
, θ2 =
zdz
y3y4y5
, θ3 =
dz
y4y5
, θ4 =
dz
y3y5
, θ5 =
dz
y3y4
,
and their images under the Cartier operators is
C2,4(θ1) = (λ1 + λ2 + λ1λ2)
1/3θ1, C2,4(θ2) = (1 + λ1 + λ2)
1/3θ2,
C2,4(θ3) = −(λ1 + λ2)1/3θ3, C2,4(θ4) = −(1 + λ2)1/3θ4, C2,4(θ5) = −(1 + λ1)1/3θ5.
The above asserts the following:
(1) Hn(F2,4) = ker(C2,4).
(2) If either λ1 = −1 or λ2 = −1 or λ1 + λ2 = −1 or λ1 + λ2 + λ1λ2 = 0, then
aF2,4 = dimK(ker(C2,4)) = 1 and γF2,4 = dimK(H
s(F2,4)) = 4.
(3) If we are not in any of the above cases (the generic situation), then there is no
exact holomorphic forms, so aF2,4 = 0 and H
1,0(F2,4) = H
s(F2,4) (in particular, the
3-rank of JF2,4 is γF2,4 = 5).
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